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Abstract
We investigate α′-corrections of heterotic double field theory up to quadratic or-
der in the language of supersymmetric O(D,D+dimG) gauged double field the-
ory. After introducing double-vielbein formalism with a parametrization which
reproduces heterotic supergravity, we show that supersymmetry for heterotic
double field theory up to leading order α′-correction is obtained from supersym-
metric gauged double field theory. We discuss the necessary modifications of the
symmetries defined in supersymmetric gauged double field theory. Further, we
construct supersymmetric completion at quadratic order in α′.
1kanghoon@kias.re.kr
Contents
1 Introduction 1
2 Double-vielbein formalism for heterotic DFT 3
2.1 Double vielbein . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Gauge transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 O(D,D) transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Connection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.5 Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3 Supersymmetry in leading order α′-correction 13
3.1 SUSY transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 SUSY action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4 Quadratic α′-corrections 19
5 Conclusions 22
A Conventions 23
B Supergravity representation 24
1 Introduction
Stringy correction in the low-energy effective string theories is described by supergravity
with infinite number of higher-derivative terms. The higher-derivative structure is not arbi-
trary, but strongly restricted by supersymmetry of string theory. For instance in heterotic
supergravity the higher derivative corrections have been constructed up to cubic order in α′
through the supersymmetric completion [1–3], and it has been shown that these results are
consistent with the string amplitude calculations (see [4,5] and references therein). However,
the supersymmetric completion is an extremely difficult task due to the complexity of the
structure.
Another important ingredient for constructing the higher derivative correction is sting/M-
theory duality. O(D,D) T -duality or SL(2,Z) S-duality also provides strong constraint
to string effective theory. Double field theory (DFT) with a section condition provides
a manifest O(D,D) T-duality covariant reformulation of the string low energy effective
theory [6–11]. It has been applied to describe heterotic supergravity [12], type II super-
gravity [13–17] by incorporating Ramond-Ramond sector, M-thoery [18–23] and gauged
1
DFT [24–30] which corresponds to lower dimensional gauged supergravity [31,32]. Based on
the geometric formulations involving local frame field [33–36], supersymmetric DFT has been
constructed [37,38]. However, there are obstructions when we try to construct α′-correction
in the ordinary DFT. The main difficulty is the absence of rank-4 generalized tensor contain-
ing the Riemann tensor [17, 33, 34]. Moreover, it has been shown that R2 term is forbidden
in terms of the generalized metric [39].
Recent works have addressed the construction of α′-corrections for heterotic DFT in terms
of O(D,D + dimG) gauged DFT by Bedoya, Marques and Nunez [40].1 Similar approach
in generalized geometry for stringy corrections has been studied by Coimbra, Minasian,
Triendl and Waldram [41]. The main idea is that SO(32) or E8 ×E8 heterotic gauge group
is enhanced by including the Spin(9, 1) local Lorentz group, and their gauge fields are treated
on an equal footing [42–47]. Since the gauge field for local Lorentz transformation is just
spin-connection, the R2 term naturally arises from the gauge kinetic term. They have also
shown that the anomaly cancelation condition is given by Bianchi identity of the generalized
curvature tensor.
In the present paper, utilizing the double-vielbein formalism for the supersymmetric
gauged DFT [30], we investigate the supersymmetric structure of heterotic DFT up to
quadratic order in α′, and we examine the validity of gauged DFT description in higher
order corrections. If we neglect α′-corrections, heterotic DFT is identical with gauged DFT
regardless of double-vielbein parametrization. However in order to describe α′-corrections,
we should require a suitable parametrization which identifies the gauge field for O(D− 1, 1)
local Lorentz group with the DFT spin-connection. Therefore, in this paper heterotic DFT
implies O(D,D + dimG) gauged DFT with a double-vielbein parametrization. From defin-
ing properties of double-vielbein, we construct a consistent parametrization which provides
a consistent description of heterotic supergravity. However, it is important to note that
symmetries defined in gauged DFT do not preserve the parametrization.
For twisted generalized Lie derivative (2.21) in gauged DFT, we should lock the twisted
generalized Lie derivative with the O(G) subgroup of O(D−1, 1 + dimG) local Lorentz
transformation in order to sustain the parametrization [40]. Then the twisted generalized
Lie derivative is modified by the compensating O(G) local Lorentz transformation and the
O(G) symmetry is broken. For O(D,D + dimG) duality transformation, it is known that
the global duality symmetry is broken to O(D,D) subgroup due to the parametrization
of O(D,D + dimG)-covariant structure constant for the enhanced heterotic gauge group
G [12, 50]. In addition, to preserve the parametrization of double-vielbein, the remain-
1 Another approach for α′-correction in DFT has been proposed by Hohm, Siegel and Zwiebach [48,
49]. In their approach, generalized Lie derivative receives an α′-correction instead of O(D,D) T-duality
transformation. However, in our paper we will focus on the gauged DFT approach.
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ing global symmetry should also be modified by incorporating a compensating local Lorentz
transformation. As twisted generalized Lie derivative, we show that SUSY transformation for
the leading order α′-correction is locked with the off-diagonal part of the O(D−1, 1 + dimG)
local Lorentz transformation.
We also investigate supersymmetry for heterotic DFT linear in α′. As the other bosonic
symmetries, the supersymmetry transformation from gauged DFT should be modified to
preserve the parametrization of double-vielbein. In [41], supersymmetry for heterotic su-
pergravity has been constructed in the context of generalized geometry with the corrections
linear in α′, and we discuss the relation with our result.
Another main result in this paper is the construction of supersymmetric completion at
the quadratic order of α′-correction. As pointed out in [2, 41], there exists a hidden higher
order of α′-correction in the supersymmetry transformation of gravitino-curvature ψm¯n¯, and
it leads (α′)2-order corrections in the SUSY variation of the action. We then construct
corrections of the action and SUSY transformation in order for canceling the (α′)2 terms
which arise from the SUSY variation of the gravitino-curvature. Also, we show that there is
no (α′)2-correction including the cubic order of Riemann tensor, and it is in agreement with
the earlier heterotic supergravity result [2].
The organization of the present paper is as follows. In section 2, we review heterotic
DFT with α′-correction [40] and double-vielbein formalism for O(D,D + dimG) gauged
DFT [30] with an explicit parametrization. We show that the bosonic symmetries defined
in the gauged DFT are modified to be consistent with the parametrization. Furthermore,
connections and curvature tensors are introduced from gauged DFT. In section 3, fermion
degrees of freedom are introduced and supersymmetry is constructed at linear order in α′.
We show that SUSY transformation defined inO(D,D+dimG) gauged DFT is also modified
by the parametrization. We end in section 4 by constructing supersymmetric completion at
order (α′)2.
2 Double-vielbein formalism for heterotic DFT
In the construction of α′-correction of the heterotic DFT [40,41], one starts from O(D,D+
dimG) gauged DFT which is the gauge group G specified as
G = G1 ×G2 , (2.1)
where G1 is the SO(32) or E8 ×E8 group for the heterotic Yang-Mills gauge symmetry and
G2 is the SO(9, 1) local Lorentz group which acts on adjoint representation. This results in
a theory in which the heterotic gauge group and O(9, 1) symmetry are treated on an equal
footing [2].
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In this section, we review heterotic DFT with α′-corrections and double-vielbein for-
malism for O(D,D + dimG) gauged DFT with a suitable parametrization. We discuss
how bosonic symmetries defined in gauged DFT are modified under the parametrization for
double-vielbein. In addition we introduce the geometric quantities in gauged DFT. There
are several approaches for the geometric structure of gauged DFT [30,55,56]. Here we follow
the so called semi-covariant approach [30] which is well-suited for supersymmetry.
2.1 Double vielbein
Suppose that heterotic DFT is defined on a generalized parallelizable space [51] to avoid
a topological obstruction. From the double-vielbein formalism of gauged DFT [30], the
local structure group of the heterotic DFT is given by the maximal compact subgroup of
O(D,D + dimG) [40, 41]
O(1, D − 1)×O(D−1, 1 + dimG) ⊂ O(D,D + dimG) . (2.2)
Then we introduce a pair of local orthonormal frame {VMˆm , V¯Mˆ ˆ¯m} corresponding to the
O(1, D − 1) × O(D − 1, 1 + dimG) respectively, where Mˆ is an O(D,D + dimG) vector
index, m is an O(1, D−1) vector index and ˆ¯m is an O(D−1, 1 + dimG) vector index. They
satisfy the following defining properties [34],
VMˆpV
Mˆ
q = ηpq , V¯Mˆ ˆ¯pV¯
Mˆ
q¯ = ˆ¯η ˆ¯p ˆ¯q ,
VMˆpV¯
Mˆ
ˆ¯q = 0 , VMˆpVNˆ
p + V¯Mˆ ˆ¯pV¯Nˆ
ˆ¯p = JˆMˆNˆ .
(2.3)
where ηmn and ˆ¯η ˆ¯p ˆ¯q are O(1, D− 1) and O(D− 1, 1+dimG) metric respectively and JMˆNˆ is
O(D,D+dimG) metric. Hence the double-vielbein form a pair of rank-two projections [33],
PMˆNˆ := VMˆ
pVNˆp , P¯MˆNˆ := V¯Mˆ
ˆ¯pV¯Nˆ ˆ¯p , (2.4)
and further meet
PMˆ
NˆVNˆp = VMˆp , P¯Mˆ
Nˆ V¯Nˆ ˆ¯p = V¯Mˆp¯ , P¯Mˆ
NˆVNˆp = 0 , PMˆ
Nˆ V¯Nˆ ˆ¯p = 0 . (2.5)
As ungauged DFT, the generalized metric is defined by
HMˆNˆ = VMˆpVNˆ p − V¯Mˆ ˆ¯pV¯Nˆ ˆ¯p (2.6)
A necessary step to identify the gauged DFT with heterotic supergravity is to fix a
parametrization of the double-vielbein in terms of the heterotic supergravity fields. By
doing so, it is necessary to decompose O(D,D + dimG) vector indices Mˆ = {M ,A} and
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O(D−1, 1 + dimG) vector indices ˆ¯m = {m¯ , a¯}. We shall start by decomposing theO(D,D+
dimG) metric and O(D−1, 1 + dimG) metric as
JMˆNˆ =

JMN 0
0 1
α′
KAB

 , η¯ ˆ¯mˆ¯n =

η¯m¯n¯ 0
0 κa¯b¯

 , (2.7)
where JMN is the O(D,D) metric, η¯m¯n¯ is the O(D − 1, 1) metric. Also KAB and κa¯b¯ are
defined
KAB =

καβ 0
0 −κ˜α˜β˜

 , κa¯b¯ =

κij 0
0 −κ˜[m¯n¯][p¯q¯]

 . (2.8)
Here we employ the collective adjoint gauge indices a¯ = {i, [m¯n¯]}, where i, j, · · · correspond
to heterotic Yang-Mills group and [m¯n¯], [p¯q¯] · · · correspond to O(D − 1, 1) local Lorentz
group. The A,B, · · · indices are pull back of a¯, b¯, · · · indices by using the collective generator
tA
a¯, where A,B, · · · = 1 to (dimG)2 and a¯, b¯, · · · = 1 to dimG. (See appendix A for further
comments about the conventions.) Next we decompose the double-vielbein as well
VMˆ
m =

VM
m
VA
m

 , V¯Mˆ ˆ¯m =

V¯M
m¯ V¯M
a¯
V¯A
m¯ V¯A
a¯

 . (2.9)
Under these decompositions the defining condition of the double-vielbein (2.3) is then re-
duced to
(1) VMmJMNVNn + VAmKABVBn = ηmn ,
(2) V¯Mm¯JMN V¯Nn¯ + V¯Am¯KABV¯Bn¯ = η¯m¯n¯ ,
(3) V¯Mm¯JMN V¯Na¯ + V¯Am¯KABV¯Ba¯ = 0 ,
(4) V¯Ma¯JMN V¯Nb¯ + V¯Aa¯KABV¯Bb¯ = κa¯b¯ ,
(5) VMmJMN V¯Nn¯ + VAmKABV¯Bn¯ = 0 ,
(6) VMmJMN V¯Na¯ + VAmKABV¯Ba¯ = 0 ,
(7) VM
mVNm + V¯M
m¯V¯Nm¯ + V¯M
a¯V¯Na¯ = JMN ,
(8) VM
mVAm + V¯M
m¯V¯Am¯ + V¯M
a¯V¯Aa¯ = 0 ,
(9) VA
mVBm + V¯A
m¯V¯Bm¯ + V¯A
a¯V¯Ba¯ = KAB
(2.10)
We then construct a parametrization satisfying the defining properties (2.10) and assuming
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the upper half block of VM
m and V¯M
m¯ are non-degenerated
VM
m = 1√
2

 (e
−1)µm
eµ
m +B′µν(e
−1)νm

 , VAm = AMAV Mm , (2.11)
and for V¯Mˆ
ˆ¯m
V¯M
m¯ = 1√
2

 (e¯
−1)µm¯
e¯µ
m¯ +B′µν(e¯
−1)νm¯

 , V¯Am¯ = AMAV¯ Mm¯ ,
V¯M
a¯ = −√α′AMa¯ , V¯Aa¯ = 1√α′ (ta¯)A ,
(2.12)
where eµ
m and e¯µ
m¯ are two copies of the D-dimensional vielbein corresponding to the same
metric gµν
emµ eν
nηmn = −e¯µm¯e¯νn¯η¯m¯n¯ = gµν . (2.13)
and AMa¯ and B′µν are defined as
AMa¯ := AMAtAa¯ ,
B′µν := Bµν − 12α′Aµa¯Aνa¯ ,
(2.14)
Note that the double-vielbein under the parametrization is identical with the frame field in
generalized geometry in a local coordinate patch [41]. Here AMa¯ should be identified as a
gauge field for G by its transformation property. Since AMa¯ is parametrized as
AMa¯ =

 0
Aµa¯

 . (2.15)
it is so called the derivative index valued field [52, 53].
The gauge field AMa¯ consists of two gauge fields for SO(32) or E8 ×E8 heterotic Yang-
Mills symmetry and O(D − 1, 1) local Lorentz transformation
AMa¯ = {AMi ,AM [m¯n¯]} (2.16)
Since these two gauge fields appear symmetrically in the action and supersymmetry trans-
formation [2, 40, 41], we will use a combined form AMa¯ unless we have to distinguish them.
Note that the V¯ µa¯ = 0 and V¯A
a¯ = 1√
α′
tA
a¯ are not preserved under the O(D−1, 1 + dimG)
local Lorentz group. To preserve the parametrization theO(D−1, 1 + dimG) transformation
should be broken toO(D−1, 1) subgroup. Therefore, after parametrization, the local Lorentz
group is reduced to O(1, D−1)×O(D − 1, 1) as ordinary DFT.
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As shown in [40,41], the gauge field AM [m¯n¯] for O(D−1, 1) local Lorentz group should be
identified with DFT spin-connection Φ¯Mm¯n¯ (B.5) in order to describe α
′-correction. However
the defining properties (2.10) are not enough to fix the explicit form of AM [m¯n¯], so the iden-
tification should be imposed by hand. Nevertheless, there is still ambiguity in determining
the explicit form of AM [m¯n¯]. The identification, AM [m¯n¯] = Φ¯Mm¯n¯, is inconsistent with SUSY
transformation, and it will be discussed later after introducing fermionic sector. It is also
important to note that AM [m¯n¯] is a composite field, thus it does not give additional degrees
of freedom.
Under the previous parametrization, the projection operators are parametrized
PMˆNˆ = VMˆ
mVNˆm , P¯MˆNˆ = V¯Mˆ
m¯V¯nˆm¯ + V¯Mˆ
a¯V¯nˆa¯ , (2.17)
where
PMˆNˆ =
1
2


gµν δµν + g
µρ(B′)tρν g
µνAνB
δµ
ν +B′µρg
ρν gµν − α′Aµa¯Aνa¯ +B′µρgρσ(B′)tσν AµB +B′µνgνρAρB
(A)tAµgµν (A)tAµ + (A)tAρgρσ(B′)tσν gµνAµAAνB

 ,
(2.18)
and
P¯MˆNˆ =
1
2


−gµν δµν − gµρ(B′)tρν −gµνAνB
δµ
ν − B′µρgρν −gµν + α′Aµa¯Aνa¯ − B′µρgρσ(B′)tσν −AµB −B′µνgνρAρB
−(A)tAµgµν −(A)tAµ − (A)tAρgρσ(B′)tσν −gµνAµAAνB + 2α′ tAa¯tBa¯

 ,
(2.19)
Then, one can show that JMˆNˆ = PMˆNˆ + P¯MˆNˆ and the well-known generalized metric (see
also [54] for non-geometric parametrization) is reproduced from HMˆNˆ = PMˆNˆ − P¯MˆNˆ
HMˆNˆ =


gµν gµρ(B′)tρν g
µνAµB
B′µρg
ρν gµν − α′Aµa¯Aνa¯ +B′µρgρσ(B′)σν AµB +B′µνgνρAρB
(A)tAµgµν (A)tAµ + (A)tAρgρσ(B′)tσν gµνAµAAνB − 1α′ tAa¯tBa¯

 . (2.20)
After the parametrization, all the symmetries of the O(D,D + dimG) gauged DFT are
partially broken or modified. In the rest of this section we will consider the bosonic symme-
tries and their compensating local Lorentz transformation which sustains the parametriza-
tion.
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2.2 Gauge transformations
In the gauged DFT, the generalized Lie derivative in ungauged DFT is replaced by the twisted
generalized Lie derivative which includes Yang-Mills gauge symmetry. For the O(D,D +
dimG) double vielbeins, the twisted generalized Lie derivative is defined [12, 26]
LˆXˆVMˆm = Lˆ0XˆVMˆm − 1√α′ fMˆPˆ QˆX PˆV Qˆm , (2.21)
where Lˆ0 is the ordinary generalized Lie derivative,
Lˆ0
Xˆ
VMˆ
m = X Pˆ∂PˆVMˆ
m +
(
∂MˆX
Pˆ − ∂PˆXMˆ
)
VPˆ
m , (2.22)
and fMˆPˆ Qˆ is the structure constant for the gauge group G in O(D,D + dimG) covariant
manner. The section condition also known as the strong constraint is given by:
∂Mˆ∂
MˆΦ = 0 , ∂MˆΦ1 ∂
MˆΦ2 = 0 (2.23)
The structure constants fMˆNˆPˆ should then satisfy the Jacobi identity,
fMˆ [Nˆ
Pˆf|Pˆ |QˆRˆ] = 0 . (2.24)
It is also convenient to impose an orthogonality condition on the structure constants fMˆNˆPˆ
fMˆNˆPˆ ∂
MˆX = 0 , (2.25)
This means the gauge symmetry will be orthogonal to the ordinary generalized Lie deriva-
tive. The gauge parameter XMˆ consists of diffeomorphism parameter ξµ, one-form gauge
parameter Λµ for Kalb-Ramond field Bµν and Yang-Mills gauge parameter λ
A for gauge
group G as
XMˆ = {ξµ ,Λµ ,
√
α′λA} . (2.26)
However, the twisted generalized Lie derivative does not sustain the previous double-
vielbein parametrization. For example, if we transform the constant component V¯A
a¯, then
it doesn’t remain as a constant,
LˆXˆ V¯Aa¯ = fABC V¯Ba¯λC . (2.27)
To overcome this problem, we modify the twisted generalized Lie derivative by adding a
compensating Lorentz transformation which cancels the unwanted terms as in [40]
δX V¯M
a¯ = XN∂N V¯M
a¯ +
(
∂MX
N − ∂NXM
)
V¯N
a¯ + ∂MX
AV¯A
a¯ + Λa¯b¯V¯M
b¯ ,
δX V¯A
a¯ = −fABCXBV¯ Ca¯ + Λa¯b¯V¯Ab¯ ,
(2.28)
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where Λa¯b¯ ∈ O(dimG) is taken to be
Λa¯b¯ =
√
α′f a¯b¯c¯λ
c¯ . (2.29)
Then we reproduce the gauge transformations for component fields of the double-vielbein,
which have been constructed in [40]
δeµ
m = ξν∂νeµ
m + ∂µξ
νeν
m ,
δAµa¯ = ξν∂νAµa¯ + ∂µξνAν a¯ − ∂µλa¯ + f a¯b¯c¯Aµb¯λc¯ ,
δBµν = ξ
ρ∂ρBµν + ∂µξ
ρBρν + ∂νξ
ρBµρ + 2∂[µΛν] + α
′∂[µλa¯Aν]a¯ .
(2.30)
2.3 O(D,D) transformation
We now turn to the O(D,D+dimG) global duality symmetry. Before the parametrization,
the double-vielbein is an O(D,D + dimG) vector which transform as
δhVMˆ
m = hMˆ
NˆVNˆ
m , δhV¯Mˆ
ˆ¯m = hMˆ
Nˆ V¯Nˆ
ˆ¯m , (2.31)
where hMˆ
Nˆ ∈ O(D,D+dimG). As shown in [12], O(D,D+dimG) symmetry is broken to
theO(D,D) subgroup due to the parametrization of fMˆNˆPˆ . However theO(D,D) symmetry
should be modified by the parametrization of double-vielbein by introducing a compensating
local Lorentz transformation. In here, we will consider infinitesimal O(D,D) transformation.
To construct the infinitesimalO(D,D) transformation, we decompose the double-vielbein
transformation as follows: 
δhVM
m
δhVA
m

 =

hM
N hM
B
hA
N hA
B



VN
m
VB
m

 , (2.32)
and 
δhV¯M
m¯ δhV¯M
a¯
δhV¯A
m¯ δhV¯A
a¯

 =

hM
N hM
B
hA
N hA
B



V¯N
m¯ V¯N
a¯
V¯B
m¯ V¯B
a¯

 , (2.33)
where hMN and hAB are antisymmetric matrices. The SO(D,D) algebra element hM
N
admits further decomposition as
hMN =

α
µσ −(βt)µρ
βν
σ γνρ

 , or hMN =

−(β
t)µρ α
µσ
γνρ βν
σ

 , (2.34)
where αµν and γµν are antisymmetric parameters
αµν = −ανµ , γµν = −γνµ . (2.35)
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Having the parametrization of double-vielbein, there is a consistency condition that must
be obeyed by the O(D,D) transformation. Since VMˆ
m and V¯Mˆ
ˆ¯m are parametrized in terms
of the same heterotic supergravity fields, in the component field language, (2.32) and (2.33)
should be consistent to each other. For instance, we can obtain δhBµν or δhAµA from each of
(2.32) and (2.33) independently, then consistency requires these results should be identical
to each other.
First, the O(D,D) transformation of VMˆ
m (2.32) leads
δheµ
m = βµ
νeν
m + (gµν −Bµν)ανρeρm − 12α′Aµa¯Aνa¯ανρemρ ,
δhBµν = γµν + 2B[µ|ρ|(βt)ρν] − gµραρσgσν − BµραρσBσν ,
+α′A[µa¯A|ρa¯αρσgσ|ν] − 14α′2Aµa¯Aν b¯Aρa¯αρσAσb¯ ,
δhAµA = βµρAρA + gµνανρAρA − BµνανρAρA − 12α′Aµa¯Aρa¯αρσAσA
(2.36)
On the other hand, if we evaluate δhV¯Mˆ
m¯ part only by using the parametrization of V¯Mˆ
m¯
(2.12), then we get inconsistent result with (2.36). Moreover, even though V¯M
a¯ is parametrized
as a derivative index valued vector, namely V¯ µa¯ = 0, but under the naive O(D,D + dimG)
transformation (2.33)
δhV¯
µa¯ = −
√
α′αµνAν a¯ 6= 0 . (2.37)
These problems can be solved by adding a compensatingO(D−1, 1 + dimG) local Lorentz
transformation on the O(D−1, 1 + dimG) vector indices as follows
δ˜hV¯Mˆ
ˆ¯m :=

hM
N V¯N
ˆ¯m + V¯N
a¯Λa¯
ˆ¯m
hA
M V¯M
ˆ¯m + V¯A
a¯Λa¯
ˆ¯m

 , (2.38)
where
Λm¯
a¯ =
√
2α′e¯µm¯αµνAν a¯ , Λb¯a¯ = −α′Aµb¯αµνAνa¯ . (2.39)
If we evaluate δ˜hV¯M
m¯ and δ˜hV¯A
m¯ then one can show that these are consistent with (2.32) in
the component field level. Moreover we can show that δ˜hVA
a¯ is vanished, and it is consistent
with the fact that V¯A
a¯ is the structure constant of G.
2.4 Connection
We now introduce geometrical quantities defined in gauged DFT to describe the dynamics
and supersymmetry of heterotic DFT.
As for the covariant differential operator of the heterotic DFT, we present a covariant
derivative which can be applied to any arbitrary O(D,D + dimG), Spin(1, D − 1) and
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Spin(D − 1, 1 + dim G) representations as follows
DˆMˆ := ∂Mˆ + ΓMˆ + ΦMˆ + Φ¯Mˆ . (2.40)
where ΦMmn and Φ¯Mm¯n¯ are spin-connections and ΓMˆNˆPˆ is semi-covariant connection which
are constructed in gauged DFT [30]
ΓPˆ MˆNˆ = Γ
0
Pˆ MˆNˆ +
(
δP
QˆPMˆ
RˆPNˆ
Sˆ + δPˆ
QˆP¯Mˆ
RˆP¯Nˆ
Sˆ
)
fQˆRˆSˆ − 23
(P + P¯)
Pˆ MˆNˆ
QˆRˆSˆfQˆRˆSˆ . (2.41)
where Γ0PMN is the connection for ordinary DFT [34],
Γ0Pˆ MˆNˆ = 2(P∂PˆPP¯ )[MˆNˆ ] + 2(P¯[Mˆ
QˆP¯Nˆ ]
Rˆ − P[Mˆ QˆPNˆ ]Rˆ)∂QˆPRˆPˆ
− 4
D−1
(
P¯P [Mˆ P¯Nˆ ]
Qˆ + PPˆ [MˆPNˆ ]
Qˆ)
(
∂Qˆd+ (P∂
RˆPP¯
)
[RˆQˆ]
)
,
(2.42)
and PPˆ MˆNˆ QˆRˆSˆ and P¯Pˆ MˆNˆ QˆRˆSˆ are rank-six projection operators
PPˆ MˆNˆ SˆQˆRˆ := PPˆ SˆP[Mˆ [QˆPNˆ ]Rˆ] + 2D−1PPˆ [MˆPNˆ ][QˆP Rˆ]Sˆ ,
P¯Pˆ MˆNˆ SˆQˆRˆ := P¯Pˆ SˆP¯[Mˆ [QˆP¯Nˆ ]Rˆ] + 2D−1 P¯Pˆ [Mˆ P¯Nˆ ][QˆP¯ Rˆ]Sˆ ,
(2.43)
which are symmetric and traceless,
PPˆ MˆNˆQˆRˆSˆ = PQˆRˆSˆPˆ MˆNˆ = PPˆ [MˆNˆ ]Qˆ[RˆSˆ] , P¯Pˆ MˆNˆQˆRˆSˆ = P¯QˆRˆSˆPˆ MˆNˆ = P¯Pˆ [MˆNˆ ]Qˆ[RˆSˆ] ,
P Pˆ Pˆ MˆQˆRˆSˆ = 0 , P Pˆ MˆPPˆ MˆNˆQˆRˆSˆ = 0 , P¯ Pˆ Pˆ MˆQˆRˆSˆ = 0 , P¯ Pˆ Mˆ P¯Pˆ MˆNˆQˆRˆSˆ = 0 .
(2.44)
Here the superscript 0 indicates a quantity defined in the ungauged DFT.
To determine the spin-connections in (2.40), we impose the double-vielbein compatibility
condition
DˆMˆVNˆm = 0 , DˆMˆ V¯Nˆm¯ = 0 , (2.45)
and for the metric of Spin(1, D− 1) and Spin(D− 1, 1+ dimG), ηmn and η¯ ˆ¯mˆ¯n respectively,
DˆMˆηmn = 0 , DˆMˆ η¯ ˆ¯mˆ¯n = 0 . (2.46)
From the compatibility of ηmn and η¯m¯n¯, we can deduce that the spin-connections are anti-
symmetric,
ΦMˆmn = ΦMˆ [mn] , Φ¯Mˆ ˆ¯mˆ¯n = Φ¯M [ ˆ¯mˆ¯n] . (2.47)
In addition, because of the double-vielbein compatibility condition (2.45), the spin-connections
may be determined in terms of the double-vielbeins as follows,
ΦMˆmn = V
Nˆ
m∇ˆMˆVNˆn , Φ¯Mˆ ˆ¯mˆ¯n = V¯ Nˆ ˆ¯m∇Mˆ V¯Nˆ ˆ¯n , (2.48)
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where ∇ˆMˆ is the covariant derivative which acts on the O(D,D + dimG) vector indices
∇ˆMˆTNˆ = ∂MˆTNˆ + ΓMˆNˆ PˆTPˆ . (2.49)
Crucially, we can then form fully covariant quantities with projection operators or double-
vielbeins as shown below:
V¯ Mˆ ˆ¯pΦMˆmn , V
Mˆ
pΦ¯Mˆ ˆ¯mˆ¯n , ΦMˆ [pqV
Mˆ
r] , Φ¯Mˆ [ ˆ¯p ˆ¯q
ˆ¯V Mˆ ˆ¯r] , ΦMˆpqV
Mˆp , Φ¯Mˆ ˆ¯p ˆ¯qV¯
Mˆ ˆ¯p . (2.50)
After the parametrization, the previous covariant spin-connections are decomposed naturally
Φp¯mn , Φa¯mn , Φ[pmn] , Φ
p
pm ,
Φ¯pm¯n¯ , Φ¯pm¯a¯ , Φ¯pa¯b¯ , Φ¯[p¯m¯n¯] , Φ¯[p¯m¯a¯] , Φ¯[p¯a¯b¯] ,
Φ¯[a¯b¯c¯] , Φ¯
ˆ¯p
ˆ¯pm¯ , Φ¯
ˆ¯p
ˆ¯pa¯ .
(2.51)
In (B.5), we present explicit form of the spin-connections in terms of heterotic supergravity
fields. These will be a building block that the formalism uses. Various covariant quantities
can be generated by using these spin-connections and their derivatives [30].
2.5 Curvature
Let us turn to semi-covariant curvature tensor SMˆNˆPˆ Qˆ which is defined as
SMˆNˆPˆ Qˆ =
1
2
(
RMˆNˆ Pˆ Qˆ +RPˆ QˆMˆNˆ − ΓRˆMˆNˆΓRˆPˆ Qˆ
)
, (2.52)
where RMˆNˆPˆ Qˆ is defined from the standard commutator of the covariant derivatives
RMˆNˆPˆ Qˆ = ∂MˆΓNˆPˆ Qˆ − ∂NˆΓMˆPˆ Qˆ + ΓMˆPˆ RˆΓNˆRˆQˆ − ΓNˆPˆ RˆΓMˆRˆQˆ + fRˆMˆNˆΓRˆPˆ Qˆ . (2.53)
The generalized curvature scalar is defined by contraction of SMˆNˆPˆ Qˆ with the projection
operators
S := P MˆNˆP Pˆ QˆSMˆPˆ NˆQˆ
= 2∂mΦnmn − ΦmmpΦnnp − 32Φ[mnp]Φmnp − 12Φp¯mnΦp¯mn − 12Φa¯mnΦa¯mn
−fpmnΦpmn − fp¯mnΦp¯mn − fa¯mnΦa¯mn .
(2.54)
Thus it provides a scalar invariant under the all kinds of bosonic symmetries and gives our
bosonic Lagrangian in a compact form
SB =
∫
e−2d2S . (2.55)
12
From the variation of the heterotic DFT action with respect to double-vielbein, the corre-
sponding generalized Ricci tensor is defined as
Smˆ¯n := Vm
Mˆ V¯ ˆ¯m
NˆSMˆPˆ NˆQˆP
Pˆ Qˆ ,
= 1
2
(
∂mΦ¯
ˆ¯p
n¯ˆ¯p − ∂p¯Φ¯mˆ¯n ˆ¯p + Φ¯mˆ¯n ˆ¯pΦ¯ˆ¯q ˆ¯p ˆ¯q + Φ ˆ¯pqmΦq ˆ¯n ˆ¯p
)
.
(2.56)
Now let’s consider Bianchi identity for curvature
S[MˆNˆPˆ ]Qˆ = 0 . (2.57)
If we pull back to the frame indices by using double-vielbein, we have
S[mnp]q = 4∂[mΦnpq] + Φr¯[mnΦ
r¯
pq] + Φa¯[mnΦ
a¯
pq] + 9Φ
(A)
r[mnΦ
(A)r
pq] ,
S[mnp]a¯ =
1
2
(
∂[pΦ|a¯|mn] − Φp¯[mnΦ¯p]p¯a¯ − Φb¯[mnΦ¯p]b¯a¯ + 3Φa¯q [pΦ(A)mn]q
) (2.58)
where Φ(A)mnp =
1
3
Φ[mnp]. If we substitute the explicit form of spin-connections, then (2.58)
is reduced to the anomaly cancelation condition and Jacobi identity for the Yang-Mills field
strength as we desired
S[mnp]q = em
µen
νep
ρeq
σ
(
1
3
∂[µHνρσ] − 14Tr(F ∧ F − R(−) ∧R(−))[µνρσ]
)
,
S[mnp]a¯ = em
µen
νep
ρ
(
1
2
√
2
D[µ(Fνρ])a¯
)
.
(2.59)
This feature is exactly same as [40, 41], and it shows the consistency of the semi-covariant
formulation for heterotic DFT.
3 Supersymmetry in leading order α′-correction
In this section we consider supersymmetry in heterotic DFT with leading order α′-corrections
based on supersymmetric gauged DFT [30]. We also consider the relation with the general-
ized geometry result [41].
As shown in the previous section, the bosonic sector consists of DFT-dilaton, d, and
double-vielbeins, VMˆm, V¯Mˆm¯. Meanwhile the fermionic sector is determined by the super-
symmetry. Since heterotic DFT admits N = 1 supersymmetry, the fermonic degrees of
freedom are given by one kind of gravitino (ψm¯)
α, gauginos (ψa¯)
α and the dilatino (ρ)α,
where α , β , · · · represent the spinor representation of Spin(1, 9). Here we employ a collec-
tive notation for the gauginos as the gauge field AMa¯
ψa¯ = {χi , ψ[m¯n¯]} , (3.1)
where ψ[m¯n¯] is so called gravitino curvature [2] which is defined in terms of heterotic DFT
variables
ψ[m¯n¯] := 2∂[m¯ψn¯] +
1
2
Φ[m¯|pq|γpqψn¯] + 2Φ¯[m¯n¯]p¯ψp¯ + Φ¯p¯m¯n¯ψp¯ −Ap¯m¯n¯ψp¯ ,
= 2D[m¯ψn¯] + Φ¯p¯m¯n¯ψp¯ −Ap¯m¯n¯ψp¯ .
(3.2)
Here Dm¯ is a covariant derivative for Spin(1, 9) and Spin(9, 1) vector representation, for
instance arbitrary vectors Tm and Tm¯
Dm¯Tm = ∂m¯Tm + Φm¯npTp , DmTn¯ = ∂mTn¯ + Φ¯mn¯p¯Tp¯ . (3.3)
Note that covariant derivative Dˆm¯ for Spin(1, 9) and Spin(9, 1+dimG) vector representation
Dˆm¯Tm = ∂m¯Tm + Φm¯npTp , DˆmTn¯ = ∂mTn¯ + Φ¯mn¯p¯Tp¯ + Φ¯mn¯a¯Ta¯ ,
Dˆa¯Tm = Φa¯npTp .
(3.4)
Since the gravitino-curvature ψ[m¯n¯] is a composite field, it does not introduce any fermionic
degrees of freedom. For notational convenience, we combine the gauginos and gravitino in
O(9, 1 + dimG) covariant way as ψ ˆ¯p = {ψm¯ , ψa¯}.
The Dirac operators for Spin(1, 9) spinors are given by
γmDˆmρ , Dˆ ˆ¯mρ , γmDˆmψˆ¯n , (3.5)
where the explicit expressions for these are
γmDˆmρ = γm∂mρ+ 14Φmnpγmnpρ+ 12Φmmpγpρ ,
Dˆ ˆ¯mρ = ∂ ˆ¯mρ+ 14Φ ˆ¯mnpγnpρ ,
γmDˆmψˆ¯n = γm∂mψˆ¯n + 14Φmnpγmnpψˆ¯n + 12Φmmpγpψˆ¯n + γmΦ¯mˆ¯n ˆ¯pψ ˆ¯p .
= γm∂mψˆ¯n +
1
4
Φmnpγ
mnpψˆ¯n +
1
2
Φmmpγ
pψˆ¯n + γ
mΦ¯mˆ¯np¯ψ
p¯ + γmΦ¯mˆ¯na¯ψ
a¯ .
(3.6)
3.1 SUSY transformation
We start from SUSY transformation of O(D,D + dimG) gauged DFT [30]
δεd = −i12 ε¯ρ ,
δεVMˆm = −iV¯Mˆ ˆ¯qε¯γmψˆ¯q ,
δεV¯Mˆ ˆ¯m = iVM
qε¯γqψ ˆ¯m ,
δερ = −γmDˆmε ,
δεψ ˆ¯m = Dˆ ˆ¯mε .
(3.7)
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Once we have the double-vielbein parametrization (2.11) and (2.12), it makes sense to de-
compose O(D−1, 1 + dimG) vector indices in (3.7) as
δεd = −i12 ε¯ρ ,
δεVMˆm = −iV¯Mˆ q¯ε¯γmψq¯ − iV¯Mˆ iε¯γmχi − iV¯Mˆ [m¯n¯]ε¯γmψm¯n¯ ,
δεV¯Mˆm¯ = iVMˆ
qε¯γqψm¯ ,
δεV¯Mˆi = iVMˆ
qε¯γqχi ,
δεV¯Mˆ [m¯n¯] = iVMˆ
qε¯γqψm¯n¯ ,
δερ = −γmDmε ,
δεψm¯ = Dm¯ε ,
δεχi =
1
4
Φimnγ
mnε ,
δεψm¯n¯ =
1
4
Φ[m¯n¯]mnγ
mnε .
(3.8)
Note that this SUSY transformation is identical with the generalized geometry result [41].
However, one can show that (3.8) is inconsistent with the double-vielbein parametrization
as other bosonic symmetries. It should be modified by introducing a compensating local
Lorentz transformation. For instance, VM
a¯ is a derivative index valued vector, but δεV¯
µa¯
does not vanish. If we take the compensating local Lorentz transformation as
Λm¯
a¯ = iε¯γmψ
a¯(e¯m¯
µeµ
m) . Λa¯
b¯ = 0 . (3.9)
then we have a consistent modified SUSY transformation for V¯M
a¯
δεV¯M
a¯ = iVM
mε¯γmψ
a¯ + V¯M
m¯Λm¯
a¯ + V¯M
b¯Λb¯
a¯ ,
= iVMmε¯γmψa¯ ,
(3.10)
where the derivative index valued vector VMm is defined as
VMm := VMm + V¯Mm¯(e¯m¯µeµm) =
√
2

 0
eµ
m

 . (3.11)
Furthermore, the compensating local Lorentz transformation (3.9) can be applied to the
constant component VA
a¯ as well, and the modified SUSY transformation gives a vanishing
SUSY variation
δεV¯A
a¯ = i
(
VA
m + V¯A
m¯(e¯m¯
µeµ
m)
)
ε¯γmψ
a¯ = 0 . (3.12)
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Therefore the modified SUSY transformation with the local Lorentz transformation (3.9) is
given by
δεd = −i12 ε¯ρ ,
δεVMˆm = −iV¯Mˆ q¯ε¯γmψq¯ − iV¯Mˆ iε¯γmχi − iV¯Mˆ [m¯n¯]ε¯γmψm¯n¯ ,
δεV¯Mˆm¯ = iVMˆ
mε¯γmψm¯ + iε¯γmψa¯(e¯m¯
µeµ
m)V¯Mˆ
a¯ ,
δεV¯Ma¯ = iVMmε¯γmψa¯ ,
δεV¯Aa¯ = 0 ,
δερ = −γmDmε ,
δεψm¯ = Dm¯ε ,
δεψa¯ =
1
4
Φa¯mnγ
mnε .
(3.13)
Now, let’s consider how to define the explicit form of the AM [m¯n¯]. Since it should behave
as a gauge field for Spin(9, 1) local Lorentz transformation, the DFT spin-connection Φ¯pm¯n¯
would be a good candidate. However there are ambiguities due to a torsion which is not
determined yet. It is interesting that even if we don’t have explicit definition of AM [m¯n¯], we
can read off δεAM [m¯n¯] from the O(D,D) structure of double-vielbein (3.13)
δεAµ[m¯n¯] = −i
√
2(ε¯γµψ[m¯n¯]) . (3.14)
On the other hand the direct computation of δεΦ¯pm¯n¯ gives
δεΦ¯pm¯n¯ = −2iD[m¯
(
ε¯γ|p|ψn¯]
)− iΦq¯m¯n¯ε¯γpψq¯ , (3.15)
thus we cannot identify Ap[m¯n¯] and Φ¯pm¯n¯. To get a super-covariant transformation as (3.14),
we define AM [m¯n¯] by adding gravitinos
Aµ[m¯n¯] :=
√
2eµ
p
(
Φ¯pm¯n¯ + iψ¯m¯γpψn¯
)
,
= ω¯µm¯n¯ +
1
2
Hµm¯n¯ + i
√
2ψ¯m¯γpψn¯ ,
(3.16)
then it transform as (3.14).
Next, we examine the SUSY variation of gravitino curvature δεψ[m¯n¯] up to fermion leading
order. We can read off the δεψ[m¯n¯] from (3.13)
δεψ[m¯n¯] =
1
4
Φ[m¯n¯]mnγ
mnε ,
= −1
8
√
α′R¯Hmnm¯n¯γmnε .
(3.17)
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On the other hand, the direct computation of δεψ[m¯n¯] gives
δεψ[m¯n¯] =
√
α′
(
[Dm¯ ,Dn¯]ε+ (Φp¯m¯n¯ −Ap¯m¯n¯)Dp¯ε
)
,
= 1
8
√
α′RHm¯n¯pqγpqε ,
(3.18)
where RHµνmn and R¯
H
µνm¯n¯ are the Riemann tensor with torsion H defined in (B.8). Even
though (3.17) and (3.18) are not equivalent, after diagonal gauge fixing, one can show that
the difference is nothing but a sub-leading order correction [2]
R(+)µνρσ −R(−)ρσµν = 2∂[µHνρσ] . (3.19)
From the Bianchi identity (2.59), it is reduced to
R(+)µνρσ − R(−)ρσµν = α′Tµνρσ , (3.20)
where
Tµνρσ =
3
4
Tr
(
F ∧ F − R ∧ R)
[µνρσ]
. (3.21)
Therefore, SUSY transformation of gravitino curvature at order (α′)(
3
2
) is given by
(
δψ[m¯n¯]
)( 32 ) = (α′) 32 1
4
Tm¯n¯mnγ
mnε . (3.22)
Or, in other words Φ(
3
2 )[m¯n¯]mn = T[m¯n¯]mn.
3.2 SUSY action
We may finally turn to the supersymmetric action. Following the supersymmetric gauged
DFT [30], we have a supersymmetric action which is invariant under (3.7)
Lhet = e−2d
[
2S + 4i
(
ρ¯γmDˆmρ− 2ψ¯ ˆ¯mDˆ ˆ¯mρ− ψ¯ ˆ¯mγmDˆmψ ˆ¯m
)]
. (3.23)
The SUSY variation up to leading order in fermions is given by
δLhet = e−2d
[
−8δdP MˆPˆP NˆQˆSMˆNˆPˆ Qˆ + 4δP MˆPˆP NˆQˆSMˆNˆPˆ Qˆ
+8iρ¯
(
γmDˆmδρ− Dˆ ˆ¯mδψ ˆ¯m
)
− 8iψ¯ ˆ¯m
(
γmDˆmδψ ˆ¯m + Dˆ ˆ¯mδρ
) ]
.
(3.24)
Substituting the SUSY transformation in (3.7), one can then show that SUSY invariance is
guaranteed from the following identities
γmγnDˆmDˆnε+ Dˆm¯Dˆm¯ε = −14εP MˆNˆP Pˆ QˆSMˆQˆNˆ Pˆ ,
γn
[
Dˆ ˆ¯m, Dˆn
]
ε = −γnεV¯ Mˆ ˆ¯mV Nˆ nP Pˆ QˆSMˆPˆ NˆQˆ .
(3.25)
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We may rephrase the action (3.23) and supersymmetry transformation (3.13) with the
explicit parametrization of double-vielbein. For systematic approach, we denote n-th order
α′ terms as (n). For instance, the next leading order correction of supersymmetry transfor-
mation for gravitino-curvature is of order 3
2
,
(
δψm¯n¯
)( 32 ) = (α′)( 32 )Tm¯n¯pqγpqε . (3.26)
thus it is denoted by (3
2
) as a superscription.
We then summarize the Lagrangian and supersymmetry transformations in the leading
order correction:
• Spin-connections
Φ(
1
2 )imn = −12
√
α′(Fmn)i
Φ(
1
2 )[m¯n¯]mn = −12
√
α′R¯Hmnm¯n¯
Φ(
3
2 )[m¯n¯]mn = (α
′)
3
2T[m¯n¯]mn .
(3.27)
• Lagrangian
L(0)B = 4∂mΦ(0)nmn − 2Φ(0)mmpΦ(0)nnp − 3Φ(0)[mnp]Φ(0)mnp − Φ(0)p¯mnΦ(0)p¯mn
−2fpmnΦ(0)pmn − 2fp¯mnΦ(0)p¯mn − 2fa¯mnΦ(0)a¯mn
L(1)B = −Φ( 12 )ipqΦ( 12 )ipq + Φ( 12 )[m¯n¯]pqΦ( 12 )[m¯n¯]pq
L(0)F = 4iρ¯γmDmρ− 8iψ¯m¯Dm¯ρ− 4iψ¯m¯γmDmψm¯ ,
L(1)F = −2iχ¯iγpqρΦ( 12 )ipq + 2iψ¯[m¯n¯]γpqρΦ( 12 )[m¯n¯]pq − 4iχ¯iγmDmχi
+4iψ¯[m¯n¯]γmDmψ[m¯n¯] − 4iψ¯m¯γmχiΦ¯( 12 )mm¯i + 8iψ¯m¯γmψ[m¯n¯]Φ¯( 12 )mm¯[m¯n¯] .
(3.28)
• Supersymmetry transformations for fermion fields
(
δρ
)(0)
= −γmDmε ,(
δψm¯
)(0)
= Dm¯ε ,(
δχi
)( 12 ) = 1
4
Φ(
1
2 )ipqγ
pqε ,
(
δψ[m¯n¯]
)( 12 ) = 1
4
Φ(
1
2 )[m¯n¯]pqγ
pqε ,
(3.29)
where the covariant derivative Dm¯ and Dm gives zeroth order contribution. Here we have
ignored all intrinsic α′-contributions which are located in the H fields, because the explicit
form of H is not relevant in the fermion leading order calculation.
From the fact that the SUSY transformation of gravitino-curvature receives further cor-
rection in the order of (α′)
3
2 , the next order correction in δL arises naturally, and we discuss
this point in the next section.
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4 Quadratic α′-corrections
In the previous section we have shown that the SUSY variation of the gravitino curvature
receives higher order contributions, (δψ[m¯n¯])
( 32 ), in (3.22). It leads to further (α′)2-order
corrections on the SUSY variation of L(1)F
(
δL(1)F
)(2)
= (α′)2
[
i1
2
ρ¯γmnγpqεΦ(
1
2 )m¯n¯mnT
m¯n¯
pq − 2iDmψ¯m¯n¯γmγpqεTm¯n¯pq
+2iψ¯m¯γmγpqεΦ¯(
1
2 )mm¯[n¯p¯]T
n¯p¯
pq
]
.
(4.1)
In order to cancel out this additional variation, we should introduce higher order α′-corrections
in the SUSY transformation and the corresponding action. In keeping with the fact that the
bosonic Lagrangian does not receive R3 correction at order (α′)2 [2], we will consider the
fermionic sector first.
Let us assume that the supersymmetry transformation of the gravitino ψm¯ is given by
the following general form:
(δψm¯)
(2) = 1
4
Φ(2)m¯mnγ
mnε , (4.2)
where Φ(2)m¯mn should be determined from the closure of SUSY. If we substitute (4.2) into
the L(0)F , we have
(
δL(0)F
)(2)
= (α′)2e−2d
[
2iDm¯ρ¯γmnεΦ(2)m¯mn + 2iDmψ¯m¯γmγpqεΦ(2)m¯pq
]
, (4.3)
and one can show that it is insufficient to cancel (4.1).
Next, we introduce the following correction to the fermion Lagrangian
L(2)F = (α′)2e−2d
[
4iψ¯m¯γpq
(Dn¯ρ+ γrDrψn¯)Tm¯n¯pq
]
, (4.4)
which is proportional to the equation of motion of ψm¯ at order (α
′)0 [2]. Then L(2)F transform
under (3.29) at order (α′)2 as
δ(0)S(2)F = (α′)2
∫
4ie−2d
[
− ε¯γnp(Dm¯Dn¯ρ+Dm¯γqDqψn¯)Tm¯n¯np
− ε¯γnp(Dn¯ρ+ γqDqψn¯)Dm¯Tm¯n¯np + ψ¯m¯γnpγqεS(0)n¯rqrTm¯n¯np
]
. (4.5)
By using integration by parts and the following identities
[Dm¯,Dn¯] ε = −Φ¯(0)p¯m¯n¯Dp¯ε+Ap¯[m¯n¯]Dp¯ε+ 18RHm¯n¯pqγpqε ,
[Dm¯,Dp]ψn¯ = 2Sm¯pn¯q¯ψq¯ + 12Sm¯pqrγqrψn¯ ,
(4.6)
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the SUSY variation (4.5) can be rewritten as
δ(0)S(2)F = (α′)2
∫
4ie−2d
[
−1
2
ε¯γmn
(
1
8
RHm¯n¯pqγ
pqρ−X p¯m¯n¯Dp¯ρ
)
T m¯n¯mn
+ε¯γnpγqDq
(
1
2
ψm¯n¯ + 1
2
X p¯m¯n¯ψp¯
)
Tm¯n¯np
−2ε¯γnpγqψq¯Sm¯qn¯q¯Tm¯n¯np + ε¯γnpγqψ¯n¯Sm¯rqrTm¯n¯np
−ε¯γnp(Dn¯ρ+ γqDqψn¯)Dm¯Tm¯n¯np + ψ¯m¯γnpγqεSn¯rqrTm¯n¯np
]
,
(4.7)
where
X (0)p¯m¯n¯ = Φ¯
(0)p¯
m¯n¯ −Ap¯[m¯n¯] . (4.8)
Next, if we define Φ(2)p¯mn as
Φ(2)m¯pq :=
1
2
(Dn¯Tn¯m¯pq − 12Xm¯p¯q¯Tp¯q¯pq
)
. (4.9)
and use the following identity
DqX p¯m¯n¯ = 2S(0)qp¯m¯n¯ + 12R¯Hqp¯m¯n¯ . (4.10)
then the SUSY variation (4.7) reduces to
δ(0)S(2)F = (α′)2
∫
2ie−2d
[
− 1
16
ε¯γmnγpqρRHm¯n¯pqT
m¯n¯
mn − ε¯γnpDm¯ρΦ(2)m¯np
−1
2
ε¯γnpγqDqψm¯n¯Tm¯n¯np + 12 ε¯γnpγqψp¯DqX p¯m¯n¯Tm¯n¯np
−2ε¯γnpγqψq¯Sm¯qn¯q¯Tm¯n¯np + 4ε¯γnψ¯n¯Sm¯rprTm¯n¯np
−ε¯γnpγqDqψn¯Φ(2)n¯np
]
.
(4.11)
Finally, by combining all the terms (4.1), (4.3) and (4.11) together, we get a simple result
(
δSF
)(2)
= (α′)2
∫
16ie−2dε¯γqψn¯S(0)m¯rprTm¯n¯pq . (4.12)
Recall that an arbitrary variation of the generalized curvature scalar S is proportional to the
generalized Ricci tensor SMN . Since the variation (4.12) is proportional to the generalized
Ricci tensor, one can speculate that it is canceled out by introducing (α′)2-order corrections
to the SUSY variation of the double-vielbein (δV (0))(2), where V¯ (0)M
m¯ is the double-vielbein
for ungauged DFT without gauge connections
V¯ (0)M
m¯ = 1√
2

 (e¯
−1)µm¯
e¯µ
m¯ +Bµν(e¯
−1)νm¯

 . (4.13)
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Under an arbitrary variation (δV (0))(2), the bosonic action S(0)B changes by
(
δS(0)B
)(2)
=
∫
8
(
δV (0)M
m
)(2)
V (0)NmS
(0)M
N , (4.14)
and if we choose
(
δV (0)Mm
)(2)
as
(
δεV
(0)
Mm
)(2)
= −2i(α′)2ε¯γnψn¯V¯ (0)Mˆ m¯Tm¯n¯mn , (4.15)
then the SUSY variation of the bosonic action at order (α′)2 is given by
(
δεS(0)B
)(2)
= −16i(α′)2
∫
ε¯γnψn¯Tm¯n¯mnS
(0)m¯m . (4.16)
Therefore the
(
δS(0)B
)(2)
exactly cancels out the (δS(0)F )(2) in (4.12), and it shows that super-
symmetry is closed at (α′)2-order.
However, we need to determine the missing SUSY transformations at (α′)2-order. For
example, we can obtain
(
δεV¯
(0)
M
m¯
)(2)
by requiring that SUSY variations of the component
fields from the
(
δεV¯
(0)
M
m¯
)(2)
and
(
δV (0)Mm
)(2)
should be equivalent, as a consistency condi-
tion, such as (
δεd
)(2)
= 0 ,
(
δεeµm
)(2)
= 2i(α′)2ε¯γnψn¯Tµn¯mn ,(
δεBµν
)(2)
= 2i(α′)2ε¯γnψn¯Tµνn¯n .
(4.17)
From this condition,
(
δεV¯
(0)
M
m¯
)(2)
is given by
(
δεV¯
(0)
Mm¯
)(2)
= 2iε¯γnψn¯V (0)M
mTm¯n¯mn . (4.18)
However, it is still not sufficient to determine the other components,
(
δεVA
m
)(2)
,
(
δεV¯M
a¯
)(2)
and
(
δεV¯A
m¯
)(2)
. To determine these we should consider (α′)3-corrections, thus we will leave
this issue for future work.
In summary, the quadratic α′-correction of the action is
L(2)F = (α′)22ie−2d
[
ψ¯m¯γpq
(Dn¯ρ+ γrDrψn¯)Tm¯n¯pq
]
, (4.19)
and the SUSY variations are
(
δεVMm
)(2)
= −2iε¯γnψn¯V¯Mm¯Tm¯n¯mn ,(
δεV¯Mm¯
)(2)
= 2iε¯γnψn¯VM
mTm¯n¯mn ,(
δεψm¯
)(2)
= 1
8
(Dn¯Tn¯m¯pq − 12Xm¯p¯q¯Tp¯q¯pq
)
γpqε
(
δεψ[m¯n¯]
)( 32 ) = 1
4
Tp¯q¯pqγ
pqε .
(4.20)
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5 Conclusions
In this paper we have shown that the O(1, D − 1) × O(D−1, 1 + dimG) double-vielbein
formalism for gauged DFT can be applied to the extended tangent space formalism for lead-
ing order α′-corrections in heterotic DFT. Associated spin-connections, the generalized Ricci
tensor and the generalized Ricci scalar have been introduced, and using this framework we
have constructed supersymmetric heterotic DFT with leading α′-corrections. By solving the
defining properties of the double-vielbein, we got a canonical parametrization in terms of
physical component fields, ea, B, A, and Φ¯[m¯n¯]. The R2 term arises as a field strength
of the O(1, 9) gauge field, Φ¯[m¯n¯] only after the parametrization. Thus in order to describe
the leading α′-corrections, the parametrization is essential. Under the symmetries of het-
erotic DFT such as O(D,D+dimG), the generalized Lie derivative and supersymmetry the
parametrization is not maintained. We have obtained explicit modifications of the symmetry
transformations to be compatible with the parametrization.
We have shown that the extended tangent space formalism can be extended to the next
order α′-correction. We have checked that there is the hidden (α′)
3
2 -correction in the super-
symmetry transform, (δεψm¯n¯)
( 32 ). Thus additional (α′)2 terms arise in the SUSY variation,
and we have found the corrections in the action and SUSY transformation which cancel out
the terms. As a result, we have shown that there is no R3 correction in the bosonic part,
and the fermionic sector is proportional to the equations of motion for the gravitino at order
(α′)0. This is consistent with the heterotic supergravity result [2].
We can continue the SUSY closure process, and it may suggest that the gauged DFT
description is valid even in higher order α′-corrections. However, the full (α′)3-corrections
consist of two parts [5]: anomaly-related terms containing (trF 2 − trR2) and without Yang-
Mills counterpart term. In the extended tangent space formalism, the R2 term is always
involved with trF 2, thus the O(D,D + dimG) gauged DFT description makes sense only
for anomaly-related terms. Thus it is not obvious how to construct the other sector. It may
require a totally different formalism other than the gauged DFT description.
It is also interesting to study α′-corrections of type II DFT. The extended tangent space
formalism suggests O(10 + dimG1, 10 + dimG2) gauged DFT, where G1 and G2 are O(1, 9)
and O(9, 1) local Lorentz groups respecively. Then the local structure group is given by
O(1 + dimG1, 9)×O(9, 1 + dimG2) as a maximal compact subgroup. However, it has been
shown that this generalized geometry does not admit any consistent torsion free connection
[41]. Furthermore, there is no natural way to define a spinor and Clifford algebra unlike in
the heterotic DFT. Since heterotic and type II supergravities share common α′-corrections
which do not include anomaly-related terms [5], α′-corrections for the heterotic DFT may
give some clues for the type II case.
As we have seen, supergravities are strongly restricted by the O(d, d) structure even
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if we consider α′-corrections. Usually supersymmetric α′-corrections are constructed by
supersymmetry completion for a given ansatz which contains all possible terms with arbitrary
coefficients. Since the O(d, d) structure provides a further constraint, the ansatz is greatly
simplified. Therefore, it may be possible to construct much higher order α′-corrections and
find a deeper structure of the general α′-corrections through the supersymmetry completion
method in DFT.
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A Conventions
In this section we describe various conventions and indices in detail. We decomposeO(D,D+
dimG) covariant quantities to O(D,D) subgroup. Here all the hatted indices represent
O(D,D + dimG) covariant quantities:
1. O(D,D + dimG) indices :
• Mˆ, Nˆ , · · · : O(D,D + dimG) vector indices,
• m,n, · · · : Local O(1, D−1) vector indices,
• ˆ¯m, ˆ¯n, · · · : Local O(D−1, 1 + dimG) vector indices.
2. After explicit breaking of O(D,D + dimG) into O(D,D):
• M,N, · · · : O(D,D) vector indices,
• m,n, · · · : Local O(1, D−1) vector indices,
• m¯, n¯, · · · : Local O(D − 1, 1) vector indices.
• a¯, b¯, · · · : Adjoint indices for gauge group G.
Since the gauge group G is given by the product of two groups G = G1 × G2, the gauge
indices should be decomposed. Here kαβ = (t
i)α(ti)β and k˜α˜β˜ = (t˜
[m¯n¯])α˜(t˜[m¯n¯])β˜ are killing
metrics for each gauge group, and (ti)α and (t˜
[m¯n¯])α˜ are the structure constants of the gauge
group G1 and G2 respectively
(ti)kl = fkl
i , (t[m¯n¯])[p¯q¯][r¯s¯] = f
[m¯n¯]
[p¯q¯][r¯s¯] (A.1)
Thus ti
α and t[m¯n¯]
α˜ satisfy
[ti, tj ] = fij
ktk ,
[
t[m¯n¯], t[p¯q¯]
]
= f[m¯n¯][p¯q¯]
[r¯s¯]t[r¯s¯] (A.2)
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Since the O(1, D−1) local Lorentz transformation acts as
δΛVM [m¯m¯′] = −f[m¯m¯′][n¯n¯′][p¯p¯′]V¯M [n¯n¯′]Λ[p¯p¯′] = Λm¯q¯V¯M [q¯m¯′] + Λm¯′ q¯V¯M [m¯q¯] (A.3)
where we have assume that the pair of indicis m¯ and m¯′ are antisymmetric to each other,
namely Fm¯m¯′ =
1
2
(Fm¯m¯′−Fm¯′m¯) for an arbitrary Fm¯m¯′ . Then the structure constant f[m¯n¯][p¯q¯][r¯s¯]
is given by
f[m¯m¯′][n¯n¯′]
[p¯p¯′] = −δn¯p¯η¯n¯′m¯δm¯′ p¯′ − δn¯p¯′ η¯n¯′m¯′δm¯p¯ = −2δn¯p¯η¯n¯′m¯δm¯′ p¯′ (A.4)
One can show that (A.4) satisfies Jacobi identity
f[m¯m¯′][p¯p¯′]
[q¯q¯′]f[n¯n¯′][q¯q¯′]
[r¯r¯′] + f[p¯p¯′][n¯n¯′]
[q¯q¯′]f[m¯m¯′][q¯q¯′]
[r¯r¯′] + f[n¯n¯′][m¯m¯′]
[q¯q¯′]f[p¯p¯′][q¯q¯′]
[r¯r¯′] = 0 , (A.5)
thus the O(1, D−1) algebra (A.2) is also satisfied.
B Supergravity representation
The Spin(1, 9) Clifford algebra,
(γm)∗ = γm , γmγn + γnγm = 2ηmn , (B.1)
and chirality operator γ(11) = γ0γ1 · · · γ9. The symmetric charge conjugation matrice, Cαβ =
Cβα, meets
(Cγp1p2···pn)αβ = (−1)n(n−1)/2(Cγp1p2···pn)βα , (B.2)
and define the charge-conjugated spinors,
ψ¯p¯α = ψ
β
p¯ Cβα , ψ¯a¯α = ψ
β
a¯ Cβα , ρ¯α = ρ
βCβα . (B.3)
The gravitino and dilatino are set to be Majorana-Weyl spinors of the fixed chirality,
γ(11)ψp¯ = ψp¯ , γ
(11)ψa¯ = ψa¯ , γ
(11)ρ = −ρ , γ(11)ε = ε (B.4)
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Using the parametrization of the double-vielbein, the previous physical spin-connections
(2.50) are rewritten in terms of supergravity fields
Φ[mnp] =
1√
2
(
ω[mnp] +
1
6
Hmnp
)
,
Φp¯mn =
1√
2
(
ωp¯mn +
1
2
Hp¯mn
)
,
Φimn = −12
√
α′(Fmn)i ,
Φ[m¯n¯]mn = −12
√
α′R¯Hmnm¯n¯ ,
Φ¯[m¯n¯p¯] =
1√
2
(
ω¯[m¯n¯p¯] +
1
6
Hm¯n¯p¯
)
,
Φ¯[m¯n¯i] = −16
√
α′(Fm¯n¯)i ,
Φ¯[m¯n¯[p¯q¯]] = −16
√
α′R¯Hm¯n¯p¯q¯ ,
Φ¯[m¯[p¯p¯′][q¯q¯′]] = f[p¯p¯′][q¯q¯′][r¯r¯′]Am¯[r¯r¯′] ,
Φ¯[m¯ij] = fijkAm¯k ,
Φ¯[ijk] =
1√
α′
fijk ,
Φ¯[[p¯p¯′][q¯q¯′][r¯r¯′]] =
1√
α′
f[p¯p¯′][q¯q¯′][r¯r¯′] ,
Φ¯pm¯n¯ =
1√
2
(
ω¯pm¯n¯ +
1
2
Hpm¯n¯
)
,
Φ¯mn¯i = −12
√
α′(Fmn¯)i
Φ¯mn¯[p¯q¯] = −12
√
α′R¯Hmn¯p¯q¯
Φ¯mij = Amkfijk ,
Φ¯m[p¯p¯′][q¯q¯′] = Am[r¯r¯′]f[p¯p¯′][q¯q¯′][r¯r¯′] ,
(B.5)
where Hmnp is that
Hµνρ = 3∂[µBνρ] − α′Ωµνρ (B.6)
and Ωµνρ is the Chern-Simons 3-form which is defined
Ωµνρ = 3
(A[µa¯∂νAρ]a¯ − 13Aµa¯Aν b¯Aρc¯fa¯b¯c¯
)
. (B.7)
Here ωµmn and ω¯µm¯n¯ are spin-connections for Riemannian geometry with respect to e
m
µ
and e¯m¯µ respectively, and R
H
µνmn and R¯
H
µνm¯n¯ are Riemann tensors with torsionful connec-
tions
RHµνmn = ∂µω
H
νmn − ∂νωHµmn + ωHµnpωHνpn − ωHνnpωHµpn
R¯Hµνm¯n¯ = ∂µω¯
H
νm¯n¯ − ∂ν ω¯Hµm¯n¯ + ω¯Hµn¯p¯ω¯Hνp¯n¯ − ω¯Hνn¯p¯ω¯Hµp¯n¯
(B.8)
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where ωHµmn and ω¯
H
µm¯n¯
ωHµmn = ωµmn +
1
2
Hµmn , ω¯
H
µm¯n¯ = ω¯µm¯n¯ +
1
2
Hµm¯n¯ . (B.9)
After diagonal gauge fixing the torsionful spin-connections ωHµ are reduced
ωHµ
m
n → ω(+)µmn = ωµmn + 12Hµmn ,
ω¯Hµ
m¯
n¯ → ω(−)µmn = ωµmn − 12Hµmn ,
ω¯Hµm¯n¯ → −ω(−)µmn = −ωµmn + 12Hµmn ,
(B.10)
and the curvature tensors in (B.8) are reduced to
RHµνmn → R(+)µνmn , R¯Hµνm¯n¯ → −R(−)µνmn . (B.11)
where
R(±)µνmn = ∂µω(±)νmn − ∂νω(±)µmn + ω(±)µmpω(±)νpn − ω(±)νmpω(±)µpn (B.12)
Then generalized curvature scalar and generalized Ricci tensor are represented by heterotic
supergravity fields as
S := P MˆNˆP Pˆ QˆSMˆPˆ NˆQˆ
= R− 1
12
H2 + 4φ − 4∂µφ∂µφ− 14α′
(
trF 2 −R(−)µνmnR(−)µνmn
)
. ,
(B.13)
and
Smn¯ = S
(0)
mn¯ +
1
4
α′
(Fmp¯)a¯(Fn¯p¯)a¯ ,
Sma¯ = − 14√2α′Dp¯
(Fmp¯)a¯ .
(B.14)
Here (Fµν)a¯ is a field strength for the gauge field Aµa¯ which is decomposed as


(Fµν)i = (Fµν)i
(Fµν)[m¯n¯] = RHµνm¯n¯
(B.15)
where (Fµν)i is field strength of Yang-Mills gauge field and R
H
µνm¯n¯ is the curvature two-
form in Riemannian geometry with the torsion H which is defined in (B.8). And Dµ is the
covariant derivative in Riemannian geometry with a torsion H
Dµ = ∂µ + ω
H
µ + ω¯
H
µ (B.16)
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